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In this paper, we first establish an S -equivariant index theorem for 

i- 1 ' Spin c Dirac operators on Z/fc manifolds, then combining with the methods 

developed by Taubes [H] and Liu-Ma-Zhang [HJ[50], we extend Witten's 

^"*^ ' rigidity theorem to the case of 1/k Spin c manifolds. Among others, our 

results resolve a conjecture of Devoto [B] . 

<s : 

1 Introduction 

! ■ In [25 j . Witten derived a series of elliptic operators on the free loop space 

, CM of a spin manifold M. In particular, the index of the formal signature 

operator on loop space turns out to be exactly the elliptic genus constructed 
by Landweber-Stong [13] and Ochanine [23J in a topological way. Motivated by 
physics, Witten conjectured that these elliptic operators should be rigid with 
t^j- \ respect to the circle action. 

This conjecture was first proved by Taubes [24] and Bott- Taubes [4]. See also 
|10j and [12] for other interesting cases. By the modular invariance property, 
Liu ([151 [S]) presented a simple and unified proof of the above conjecture as 
well as various further generalizations. In particular, several new vanishing 
theorems were established in [151 116j. Furthermore, on the equivariant Chern 
character level, Liu and Ma ([EJUS]) generalized Witten's rigidity theorem to 
the family case, and also obtained several vanishing theorems for elliptic genera. 
In [El [20], inspired by [24], Liu, Ma and Zhang established the corresponding 
family rigidity and vanishing theorems on the equivariant i\-theory level. 

In [27], Zhang established an equivariant index theorem for circle actions 
on Z/k spin manifolds and pointed out that by combining with the analytic 
arguments developed in [20J, one can prove an extension of Witten's rigidity 
theorem to Z//c spin manifolds. The purpose of this paper is to extend the re- 
sult of [27] to Z//c Spin c manifolds and then establish Witten's rigidity theorem 
for Z/k Spin c manifolds. Recall that a Z/k manifold X is a smooth manifold 
with boundary dX which consists of k disjoint pieces, each of which is diffeo- 
morphic to a given closed manifold Y (cf. [22J). It is interesting that for a 
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Dirac operator D on a Z/k manifold, the APS-ind(D) mod kZ determines a 
topological invariant in Z/fcZ, where APS-ind(D) is the index of D which is 
imposed the boundary condition of Atiyah-Patodi-Singer type [T]. Freed and 
Melrose [7J proved a mod k index theorem, 

APS-ind(D) mod kZ = t-ind(D) , (1.1) 

giving the APS-ind(Z)) mod kZ a purely topological interpretation. 

Assume that X is a Z/k manifold which admits a Z/k circle action (cf. 
Section I2.2p . Let D be a Dirac operator on X which commutes with the cir- 
cle action. Let R{S l ) denote the representation ring of S 1 . The equivariant 
topological index of D is defined by Freed and Melrose [7J as an element of 
Z/kZ R(S 1 ), and we denote it by t-ind^i (D). Then there exist R n G Z/kZ 
such that 

t-indgi (D) =^Rn<»[n], (1.2) 

where by [n] (n G Z) we mean the one dimensional complex vector space on 
which S 1 acts as multiplication by g n for a generator g G S . 

On the other hand, by applying the equivariant index theorem for Z/k 
manifolds established by Freed and Melrose in [7J, one gets for n G Z, 

R n = APS-ind(£>, n) mod kZ . (1.3) 

See (USD for the definition of APS-ind(£>, n). 

The Dirac operator D on X is said to be rigid in Z/k category for the circle 
action if its equivariant topological index t-indsi(-D) verifies that for n G Z, 
n ^ 0, one has 

R n = in Z/kZ. (1.4) 

Furthermore, we say D has vanishing property in Z/k category if its equivariant 
topological index t-indsi(-D) is identically zero, i.e., (II. 4p holds for any n G Z. 

In [6], Devoto introduced what he called mod k elliptic genus for Z/k spin 
manifolds as an S^-equivariant topological index in the sense of [7] of some 
twisted Dirac operator and conjectured that this mod k elliptic genus is rigid 
in Z/k category. In this paper, following the suggestion in \27\ Remark 1], we 
present a proof of Devoto's conjecture. Moreover, we establish our results for 
Z/k Spin c manifolds, thus generalizing |16^ Theorems A and B] to the case of 
Z/k Spin c manifolds. 

Our proof of these rigidity results consists of two steps. In step 1 (Sections 
[2] and [3]) , we extend the Z/k equivariant index theorem of Zhang [27] to the 
Spin c case. In step 2 (Sections H] and [5]), using the mod k localization index 
theorem established in step 1 and modifying the process in [HI [20], we prove 
the main results of this paper. 

This paper is organized as follows. In Section [21 we state an S^-equivariant 
index theorem for Spin c Dirac operators on Z/k manifolds (cf. Theorem 12. 7J . 
As an application, we extend Hattori's vanishing theorem [8] to the case of Z/k 
almost complex manifolds. In Section [3l we prove the S^-equivariant index 
theorem stated in Section [2j In Section [U we prove our main results (cf. The- 
orem HH]), the rigidity and vanishing theorems for Z/k Spin c manifolds, which 
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generalize |16l Theorems A and B]. When applied to Z/k spin manifolds, our 
results resolve a conjecture of Devoto [6]. Section [5] is devoted to a proof of the 
recursive formula which has been used in Section [J] in the proof of our main 
results. 

2 Spin c Dirac operators and a mod k localization for- 
mula 

In this section, for a Z/fc manifold which admits a nontrivial Zjk circle 
action, we state a mod k localization formula for S^-equivariant Spin c Dirac 
operators, whose proof will be given in Section [3l As an application, we deduce 
the rigidity and vanishing property for several Dirac operators on aZ/k almost 
complex manifold. In particular, we extend Hattori's vanishing theorem [8] to 
the case of Z/fc almost complex manifolds. 

This section is organized as follows. In Section [2.11 we review the construc- 
tion of Spin c Dirac operators on TLjk manifolds and the Atiyah-Patodi-Singer 
boundary problems. In Section [2T2l we recall the circle actions on Z/k manifolds 
and present a variation formula for the indices of these boundary problems. In 
Section [2,3} we state the mod k localization formula for 7,/k circle actions. As 
an application, in Section T2.41 we extend Hattori's vanishing theorem [8] to the 
case ofL/k almost complex manifolds. 

2.1 Spin c Dirac operators on Z/A; manifolds 

We first recall the definition oiTLjk manifolds introduced by Morgan and 
Sullivan (cf. [22]). 

Definition 2.1 (cf. [27, Definition 1.1]) A compact TLjk manifold is a compact 
manifold X with boundary dX , which admits a decomposition dX = U^ =l (dX)i 
into k disjoint manifolds and k diffeomorphisms 7Tj : (dX)i — )■ Y to a closed 
manifold Y . 

Let 7T : dX — > Y be the induced map. In what follows, as in [27], we will 
call an object a (e.g., metrics, connections, etc.) of X a Z/fe-object if there will 
be a corresponding object [3 on Y such that o\qx = vr*/3. 

We point out here that in this paper when consider the topological objects 
(e.g., cohomology, characteristic classes, K group, etc.) on a 7,/k manifold 
X, we always regard A as a quotient space obtained by identifying each of 
the k disjoint pieces of the boundary dX. Then X has the homotopy type 
of a CW complex, which implies that the first Chern class c\ induces a 1-to- 
1 correspondence between the equivalence classes of the complex line bundles 
over X and the elements of if 2 (X;Z). As will be seen, this is essential in our 
proof. 

We make the assumption that X is Z/k oriented and of dimension 21. 

Let V be a Z/k real vector bundle over X which is of dimension 2p and TLjk 
oriented. Let L be a TLjk complex line bundle over X with the property that 
the vector bundle U = TX © V satisfies U32(U) = c\{L) mod (2), where UJ2 
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denotes the second Stiefel- Whitney class, and c\ denotes the first Chern class. 
Then the Z/k vector bundle U has a Z/k Spin c -structure. 

Let g TX be a Z/k Riemannian metric on X. Let g T9x be its restriction 
on TdX. Let eo > be less than the injectivity radius of g TX ■ We use the 
inward geodesic flow to identify a neighborhood of the boundary with the collar 
[0, eo) x dX. We assume that g TX is of product structure near dX. That is, 
there is an open neighborhood & t = [0, e) x dX of dX in X with < e < eo 
such that one has the orthogonal splitting on 

TX\ r 2 „ * TdX (r, -i \ 

9 k e = dr © ir t g , (2.1) 

where ir t : [0, e) x dX — > dX is the obvious projection onto the second factor. 

Let J \7 TX be the Levi-Civita connection on (TX, g TX ). Then \7 TX is a Z/k 
connection. 

Let W be a Z/k complex vector bundle over X with a Z/k Hermitian metric 
g w . Let S7 W he a Z/k Hermitian connection on W with respect to g w . We 
make the assumption that g w and \7 W are both of product structure near dX. 
That is, over the open neighborhood ^4 of dX, one has 

9 W h e =<(9 W \dx), and V W \^=K{V W \ax). (2.2) 

Let g v (resp. g ) be a Z/fc Euclidean (resp. Hermitian) metric on 1/ (resp. 
L), and (resp. V L ) be a corresponding Z/A; Euclidean (resp. Hermitian) 
connection on V (resp. L). We make the assumption that g v , V^, f/ 1 ', X7 L are 
of product structure near dX (cf. (|2.2p ). 

By taking e > sufficiently small, one can always find the metrics g TX , g w , 
g , g L and the connections \/ w , V^, V L verifying the above assumptions. 

The Clifford algebra bundle C(TX) is the bundle of Clifford algebras over 
X whose fibre at x G X is the Clifford algebra C{T X X) (cf. [H]). Let C(V) be 
the Clifford algebra bundle of (V,g v ). 

Let S(U, L) be the fundamental complex spinor bundle for (U, L) (cf. [T4l 
Appendix D]). We denote by c(-) the Clifford action of C(TX), C(V) on S(U, L). 
Let {ejim (resp. {/j}^!) be an oriented orthonormal basis of (TX, g TX ) (resp. 
(V, g v ))- There are two canonical ways to consider S(U, L) as a ^-graded vector 
bundle. Let 

a 



T s = (V^iyc(ei)---c(e 2l ), 
r e = (^T)' +p c( ei ) • • • c(ea)c(/i) • • • c(/ap) 

be two involutions of S(U,L). Then = Tg = 1. We decompose S(U,L) = 
S+(U,L) © S-(U,L) corresponding to r s (resp. T e ) such that TsI^^^) = ±1 

(resp. T e \ s± (u,L) = ±1)- 

In the remaining part of this paper, we always fix an involution r on S(U, L), 
either t s or r e , without further notice. 

Let V 5 ^' i - ) be the Hermitian connection on S(U, L) induced by S7 TX © 
and V L (cf. O Appendix D]). Then preserves the Z2-grading of 

S(U, L). Let XjS(U,L)®w be the Hermitian connection on S(U, L)®W obtained 
from the tensor product of SJ S ( U ' L > and V w . 
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Definition 2.2 The twisted Spirf Dirac operator D x on S(U,L) W over X 
is defined by 
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D x = <ei)Vl [U ' L) ® W ■ r(X, S(U, L)®W)^ F(X, S{U, L)®W). (2.4) 
i=i 

Denote by D± the restrictions of D x on T(X,S±(U,L) ® W). 

By [Hj, D is a formally self-adjoint operator. To get an elliptic operator, 
we impose the boundary condition of Atiyah-Patodi-Singer type [lj. 

We first recall the canonical boundary operators (cf. [51 (1.4)]). For a first 
order differential operator D : T(S(U,L) ® W) — > T{S{U,L) ® W) on X, if 
there exists e > sufficient small such that the following identity holds on ^4, 

" = c(l:V^ + BV (2.5) 



dr J \dr 

with B independent of r, then we will call B the canonical boundary operator 
associated to D. When there is no confusion, we will also use B to denote its 
restriction on V(X, S(U, L) ® W)\ dX - 

We then recall the Atiyah-Patodi-Singer projection associated to a boundary 
operator (cf. P). Assume temporarily that B : T(X,S(U,L) ® V7)|ax — > 
T(X, S(U, L) (8) PF)|qx is a first order formally self-adjoint elliptic differential 
operator on dX. For any A G Spec (5), the spectrum of B, let S> be the 
eigenspace corresponding to A. For a S R, let P> a be the orthogonal projection 
from the L 2 -completion of T(X,S(U,L) (8) PF)|ax onto eA^a-^A- We call the 
particular projection P>o the Atiyah-Patodi-Singer projection associated to B 
to emphasize its role in pQ. If we assume in addition that B preserves the 
Z2-grading of T(X, S(U, L) <g> VF)|axj and let B± be the restrictions of B on 
T(X,S±(U,L) (8) W)\ dx , then we will restrict P> a on the L 2 -completions of 
T(X, S±(U, L) (8) WOlax and denote them by P> a ,±- 

Let ei = be the inward unit normal vector field perpendicular to dX. Let 
62 ) • • • 1 62/ be an oriented orthonormal basis of TdX so that e± , e-i , ■ ■ ■ , en is an 
oriented orthonormal basis of TX\qx- Then using parallel transport with re- 
spect to V TX along the unit speed geodesies perpendicular to dX, ex, e%, ■ ■ ■ ,e2i 
forms an oriented orthonormal basis of TX over 

Definition 2.3 Let B x : F(X,S(U,L) ® W)\ dx — > T(X,S(U,L) W)\ dx be 
the differential operator on dX defined by 

i=2 V r / 

By pp, B x is a formally self-adjoint first order elliptic differential operator 
intrinsically defined on dX, which is the canonical boundary operator associated 
to D x and preserves the natural Z2-grading of (S(U, L) ® W)!^- 

We now recall the Dirac type operator [SJ Definition 1.1] as well as the 
boundary condition of Atiyah-Patodi-Singer type p]. 
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Definition 2.4 By a Dirac type operator on S(U,L)®W, we mean a first order 
differential operator D : T(X,S{U,L) ® W) — ► T{X,S(U,L) <£> W) such that 
D-D x is an odd self-adjoint element of zeroth order, and that its canonical 
boundary operator B acting on T(X, S(U, L) ® PF)|ax is formally self-adjoint. 
We will also call the restrictions D± of D to T(X, S±(U, L) <S> W) a Dirac type 
operator. 

Let now D be a X/k Dirac type operator with its canonical boundary oper- 
ator B. Obviously, B preserves the Z2-grading of T(X, S(U, L) <g) W)\dx , 
Following PQ, the boundary problem 

(£>+, P>o, + ) : {s\se T(X, S+(U,L) ® W), P> 0)+ (s\ dx ) = °) (2 ?) 

^T{X,S-{U,L)® W), 

defines an elliptic boundary problem whose adjoint is (D_,P > q_). Moreover, it 
induces a Fredholm operator [1]. We will call the boundary problem P>o +) 
the Atiyah-Patodi-Singer boundary problem associated to D + . Set 

APS-ind(D) = dimker(L>+, P> ,+) - dimker(D_, P >0 _). (2.8) 

2.2 X/k circle actions and a variation formula 

Definition 2.5 We will call a circle action on X a X/k circle action if it 
preserves dX and there exists a corresponding circle action on Y such that these 
two actions are compatible with it. The circle action is said to be nontrivial if 
it is not equal to identity. 

In what follows we assume that X admits a nontrivial X/k circle action 
preserving the orientation and that the X/k circle action on X lifts to X/k 
circle actions on V, L and W, respectively. Without loss of generality, we may 
and we will assume that these X/k circle actions preserve g TX , g , g ', g w , V , 
V L and V^, respectively. We also assume that the X/k circle actions on TX, 
V and L lift to a X/k circle action on S(U, L) and preserves its Z2-grading. 

Let $ be a X/k S^-equivariant vector bundle over X. Let Sy be the S 1 - 
equivariant vector bundle over Y induced from $ through the map it : dX — > Y. 
Recall that the circle action on T(X, is defined by (g ■ s)(x) = g(s(g~ 1 x)) for 
g G S , s G r(X,<o), x G X. Similarly, the group S 1 acts on Y(X,$)\qx and 
r(Y,<f y ). For £ G Z, by the weight-^ subspace of T(X,6) (resp. Y{X,S)\ 9X , 
T(Y,Sy)), we mean the subspace of T(X,S') (resp. T(X,£)\qx, T(Y,Sy)) on 
which S 1 acts as multiplication by g^ for g G S 1 . 

For any £ G Z, let (resp. ^fg, Ey^) be the weight-^ subspaces of 
T(X,S±(U,L)®W) (resp. T(X, S±(U,L) ® W)\qx, T(Y, (S(U,L) ® W)y))- 

Let D be a Z/A; S^-equivariant Dirac type operator on T(S(U,L) ® W) 
with canonical boundary operator P acting on T(X, S(U, L) <g) Let 
P>o,+ be the orthogonal projection associated to B + . For £ G Z, let -D±,£ and 
P>0,+,£ (resp. P>o,_,|) be the restrictions of D± and P>o,+ (resp. P>o,-) on the 
corresponding weight-^ subspaces E^ and E^" 9 (resp. E^ a ) respectively. Then 
(D + £, P>o,+^) forms an elliptic boundary problem. Set 

APS-ind(L>,0 = dimker(L» +i5 ,P> 0i+ , 5 ) - dimker(D_ e , P >0 . (2.9) 
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Let {A : T(X, S(U, L)®W) — > r(A, S(C/, L) <8> W) | < t < l} be a one 
parameter family of Z/fc S^-equivariant Dirac type operators with the canonical 
boundary operators {B t | < t < l}. For any t G [0, 1], let be the induced 
operator from -Bt,+ through the map it : dX — > Y, and let ^t,+,£ (resp. -D^. ^) 
be the restriction of -B tj+ (resp. -t>^+) on the weight-^ subspace (resp. 
Ey,). We have the following variation formula. 

Theorem 2.6 (Compare with [U Theorem 1.2]) The following identity holds, 

APS-ind(L>i,0 - APS-ind(A),0 = - sf { | < t < 1} 

= -fcsf {A y +? |0 < t < 1}, ! "' IUl 

where sf is i/ie notation for the spectral flow of [2] . In particular, 

APS-ind(L>i , = APS-ind(A) , £) mod A;Z . 

Proof The proof is the same as that of [5j Theorem 1.2]. 

2.3 A mod k localization formula for Z/k circle actions 

Let H be the canonical basis of Lie(S' 1 ) = R, i.e., for t G R, exp(i%) = 
it g ^i j-^ Killing vector field on X corresponding to H. 

Since the circle action on X is of Z/fc, H\gx C TdX induces a Killing vector 
field Hy on y. Let Xu (resp. Y#) be the zero set of H (resp. Hy) on A (resp. 
y). Then A// is a Z/fc manifold and there is a canonical map 7rx H : dXu — > Yjj 
induced by n. In general, Xu is not connected. We fix a connected component 
Xn,a of Xu, and we omit the subscript a if there is no confusion. 

Clearly, Xu intersects with dX transversally. Let g TXli be the metric on 
Xh induced by g TX . Then g TXa is naturally of product structure near dXu- 
In fact, by choosing e > small enough, we know ^ = ^ e n Xu carries the 
metric naturally induced from g TX \®r e - 

Let 7T : N — > Xu be the normal bundle to Xu in A, which is identified to 
be the orthogonal complement of TXu in TX\x H - Then TX\x H admits aZ/k 
5 1 -equivariant decomposition (cf. [201 (1-8)]) 

TX\x B =@N v ®TX Hi (2.11) 

where N v is a Z/fc complex vector bundle such that g G S 1 acts on it by g v with 
v G Z\{0}. We will regard N as a Z/fc complex vector bundle and write Ar 
for the underlying real vector bundle of A. Clearly, A = (B v ^oN v . For u / 0, 
let A^ir denote the underlying real vector bundle of N v . 
Similarly, let 

W\x H = Q)W v , V\ Xh =Q)V v @V^ (2.12) 

v v^O 

be the Z/fe S^-equivariant decompositions of the restrictions of W and V over 
Xu respectively, where W v and V v (v G Z) are Z/k complex vector bundles 
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over Xu on which g G S 1 acts by g v , and Vq is the real subbundle of V such 
that S 1 acts as identity. For v ^ 0, let V^r denote the underlying real vector 
bundle of V v . Denote by 2p' = dimV^f and 21' = dimX H . 
Let us write 



L F = L®\ 0detJV w ®(g)detK ) . (2.13) 

Then has a Z/A: Spin c -structure since u 2 (TX H © V^) = a{L F ) 

mod (2). Let S(TX H V R , Ljr) be the fundamental spinor bundle for (TX H © 
V^,L F ) as in Section O 

Recall that N V) r and Vy,R (v / 0) are canonically oriented by their complex 
structures. The decompositions (|2.1ip . (|2.12p induce the orientations of TXjj 
and Vq- respectively. Let {ej} 2 ^, {fj}^i be the corresponding oriented or- 

thonormal basis of (TX H ,g TXH ) and (V^,g v o ). There are two canonical ways 
to consider S(TXh © Vq,L f ) as a Z 2 -graded vector bundle . Let 

r a = (V = l)''c(e 1 )---c(e 2 iO, (2 u) 

r e = (^/^T) /,+p 'c(ei) • • • c(e a /)c(/i) • • • c(/ 2p /) 

be two involutions of S(TX H ®V^,L F ). Then t 2 = r e 2 = 1. We decompose 
5(TX H eV^,L F ) = 5 + (TX H ©V r IR ,L F )©S_(rXj J -©Vo R ,L F ) corresponding to 
r s (resp. r e ) such that t s \ s±{TXh&v u^ Lf) = ±1 (resp. T e | s±(TXffev; K Lf) = ±1). 

Let C(N R ) be the Clifford algebra bundle of (N R ,g N ). Then A(N*) is a 
C(A r K)-Clifford module. Namely, for e £ N, let e' £ N correspond to e by the 
metric g , and let 

c(e) = \Z2e'A , c(e) = -\/2% , (2.15) 

where A and i denote the exterior and interior multiplications, respectively. Let 
t n be the involution on A(N ) given by r | Aeven / odd ^*% = ±1. 

Similarly, we can define the Clifford action of C(V v> m) on the C(V^]R)-Clifford 
module A(V V ) with the involution r„ | A even/odd(y*) = il- 

Upon restriction to Xh, one has the following Z/A; isomorphisms of Z 2 - 
graded Clifford modules over Xh (compare with [20, (1.49)]), 

{S(U,L),t s )\ Xh ~ (5(TXHffiy R ^F),T,)g(AiV*,r 7V )g(g)(AK,id), 

(2.16) 

where id denotes the trivial involution, and 

{S(U,L),r e )\x H ^ {S(TX H eV^,L F ),r e ) § (AN* ,r")§® (AF*,r„ y ). 

(2.17) 

Here we denote by <g> the Z 2 -graded tensor product (cf. [HJ pp. 11]). Fur- 
thermore, isomorphisms (I2.16p . (12.170 give the identifications of the canonical 
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connections on the bundles (compare with \2Q\ (1.13)]). We still denote the 
involution on (S(TX H © V^, L F ) by r. 

Let R be a Z/k Hermitian vector bundle over Xu endowed with a Z/k 
Hermitian connection. We make the assumption that the Hermitian metric 
and the Hermitian connection are both of product structure near dX^. We will 
denote by D Xh <g> R the twisted Spin c Dirac operator on S(TX H © V^, L F )®R 
and by D Xn < a ® R its restriction to Xjj a (cf. Definition I2.2p . 

We denote by K(Xh) the K- group of Z/k complex vector bundles over Xh 
(cf. pp. 285]). We use the same notations as in [201 PP- 128], 

+ 0O 



Sym q (R) = ^q n Sym n (R) € K(X H )[[q)} 

n=0 (2.18) 

+oo 

A q (R) = Y / Q n A n (R)£K(XH)[[q}}, 



n=0 



for the symmetric and exterior power operations in If (Xj/ )[[(/]], respectively. 

Let S 1 act on L\x H by sending g € S 1 to g lc (l c 6 Z) on X//. Then l c is 
locally constant on Xh- Following [20|, (1.50)], we define the following elements 
in K{X H )[[q\]l 



R±(q) = Q^ v HdinxiV.-iE^dimV.+^c ( Sym ^(JV„) ® det JV„) 

v>0 



<Sym q -v(N v )®^)A± q v(y v )® \^q v W v J (2.19) 

D<0 D^O « 

R' ± (q) = q -\^v M dimiV„-i E„ « dim V„+±/ c g> g ^ £^ 



9" 

t)>0 



(Sym,„(iV„) det JV„) 0(g) A±^(K)® {J2^ Wv J ( 2 - 2 0) 

As explained in [20, pp. 139], since TX © V © L is spin, one gets 

^^dim^n- J^udimK + k^O mod (2). (2.21) 

V V 

Therefore, R^fo), R' ± ^(q) G 

Clearly each R±^, R'± g (£ G Z) is a Z/fc vector bundle over X# carrying 
a canonically induced Z/k Hermitian metric and a canonically induced Z/k 
Hermitian connection, which are both of product structure near 8Xh- 

We now state a mod k localization formula which generalizes [2ff> Theorem 
1.2] to the case of Z/k manifolds. It also generalizes the Z/k equivariant index 
theorem in [27} Theorem 2.1] to the case of Spin c -manifolds. 
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Theorem 2.7 For any £ € Z, i/te following identities hold, 

APS-ind Ts (i) x , £) = ^(-l)Eo<. dim7V - APS-ind Ts (L> x "^ ® R+ A ) 

a 

= J2(-^) J2v< ° dimNv APS-ind Ts (D Xh '« ® i?^) mod A:Z , (2.22) 

a 

APS-ind Te (£> x ,£) = 2(-l) E °<« dim ^ APS-ind Te ® #_ { ) 

a 

= ^(-l)S,< dimiV„ APS-ind Te (Z) Xff ^ ® mod £;Z . (2.23) 

a 

Proof The proof will be given in Section 3. 

2.4 A Z/k extension of Hattori's vanishing theorem 

In this subsection, we assume that TX has a TLjk S^-equivariant almost 
complex structure J. Then one has the canonical splitting 

TX ®k C = T^X © T^X, (2.24) 

where T^X and T^X are the eigenbundles of J corresponding to the eigen- 
values and — yj— 1, respectively. 

Let = det(T (1,0) X) be the determinant line bundle of T^X over X. 
Then the complex spinor bundle S{TX,K X ) for (TX,K X ) is A(T*(°' 1 )X) (cf. 
[141 Appendix D]). 

We suppose that d(T^X) = mod (N) (N 6 Z, JV > 2). As explained 
in Section 12. 1\ the complex line bundle K\[ N is well defined over X. After 
replacing the S 1 action by its A-fold action, we can always assume that S 1 acts 
on K\[ N . For s G Z, let Z) x ® K^ N be the twisted Spin c Dirac operator on 
A(T*(°- 1 ) A) © A^ /7V defined as in fl2^j) . 

Using Theorem 12.71 we can generalize the main result of Hattori [8] to the 
case of Z/k almost complex manifolds. 

Theorem 2.8 Assume that X is a connected TLjk almost complex manifold 
with a nontrivial Z//c circle action. If c\{T^ 1 ^ X) = mod (N) (N G Z, A > 
2), then for s £ Z, —N < s < 0, D x (g) K^ N has vanishing property in TLjk 
category. In particular, the following identity holds, 

t-ind(D x © K S J N ) = in Z/fcZ . (2.25) 

Proof Using the almost complex structure on TXjj induced by the almost 
complex structure J on TX and by (j2.11f) . we know 

T^X\ Xr = N v © T^X H , (2.26) 

where N v are complex subbundles of T( 1,0 'X\ X on which g £ S 1 acts by 
multiplication by g" . 
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We claim that for each (GZ, the following identity holds, 

APS-ind(L> x ® K S J N ,£) = mod kZ . (2.27) 

In fact, if Xh = 0, the empty set, by Theorem 12.71 (12. 27ft is obvious. 

When Xh ^ 0, we see that Yl v \v\ dim N v > (i.e., at least one of the N v 's 
is nonzero) on each connected component of Xh- Consider R + (q), R'+(q) of 
(I2TT9D and (1230J) for the case that V = 0, W = K S J- N . We deduce that 

R + £ = if £ < a\ 
= if i > a 2 

Since —N < s < 0, we know a\ > and a 2 < 0. By using Theorem 12.71 we see 
that (12371) holds for any £ G Z. 

Now Theorem 12.81 follows easily from (jl.ip , (jl.3|) and (|2.27p . The proof of 
Theorem 12.81 is completed. 

Remark 2.9 From the proof of Theorem \2.8\, one also deduces that if X is 
a connected Z/k almost complex manifold with a nontrivial Z/k circle action, 
then D x , D x ® K^ 1 are rigid inZ/k category. 

3 A proof of Theorem 12.71 

In this section, following Zhang [27] and by making use of the analysis of 
Wu-Zhang [26] and Dai-Zhang [5] as well as Liu-Ma-Zhang [20], which in turn 
depend on the analytic localization techniques of Bismut-Lebeau [3], we present 
a proof of Theorem 12.71 

This section is organized as follows. In Section \3.1\ we recall a result from 
[26j concerning the Witten deformation on flat spaces. In Section 13.21 we es- 
tablish the Taylor expansions of D x and c(H) (resp. B x ) near the fixed point 
set Xh (resp. dXn)- In Section 1331 following [5j Section 3(b)], we decompose 
the Dirac type operators under consideration to a sum of four operators and 
introduce a deformation of the Dirac type operators as well as their associated 
boundary operators. In Section 1331 by using the techniques of [51 Section 3(c)], 
[201 Section 1.2] and [3J Section 9], we carry out various estimates for certain 
operators and prove the Fredholm property of the Atiyah-Patodi-Singer type 
boundary problem for the deformed operators introduced in Section 13.31 In 
Section 13.51 we complete the proof of Theorem 12.71 

3.1 Witten deformation on flat spaces 

Recall that 7i is the canonical basis of Lie(5 1 ) = R. In this subsection, let 
W be a complex vector space of dimension n with an Hermitian form. Let p be 
a unitary representation of the circle group S 1 on W such that all the weights 
are nonzero. Suppose are the subspaces of W corresponding to the positive 



inf 



-£MdimiV t ,+ (- + -^)^dimiV v ), 
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and negative weights respectively, with dime W~ = v, dime W + = n — v. Let 
z = {z 1 } be the complex linear coordinates on W such that the Hermitian 
structure on W takes the standard form and p is diagonal with weights Aj G 
Z\{0} (1 < i < n), and Aj < for i < v. The Lie algebra action on W is given 
by the vector field 

H = 2nV^£\ i U^-z i ^). (3.1) 



dz 1 dz 1 

l=L 

Set 

K^iyV) = Sym((W ± )*) <g> Sym(W T ) ® det(W T ). (3.2) 

Let £ be a finite dimensional complex vector space with an Hermitian form 
and suppose E carries a unitary representation of S . 

Let d be the twisted Dolbeault operator acting on Q°'*(W, E), the set of 
smooth sections of A{W ) <8> E on W. Let d be the formal adjoint of d. Let 
D = V2(d + d*). Let c(H) be the Clifford action of H on A{W*) defined as in 
(|2.15p . Let 5£h be the Lie derivative along H acting on Q,°'*(W, E). 

The following result was proved in [261 Proposition 3.2]. 

Proposition 3.1 1. A basis of the space of L 2 -solutions of D + \/—lc(H) 
(resp. D — \/—lc(H) ) on the space of C°° sections of A(W ) is given by 

(f[^)( II z^)e-^-^ 2 dz v+1 ---dz n (k; L G N) (3.3) 

i=l i=v+l 

with weight Yh=i h\M + Yri= v +x(h + 1)M (resp. 

v n 

(n^)( II 4 i )e-^=^ lXillzi[2 dz 1 ---dz v (jfei€N) (3.4) 

i=l i=v+l 

with weight - Ya=u+i ~ Y!i=i{h + 

So the space of L 2 - solution of a given weight of D + \J— lc(H) (resp. D — 
\/—lc(H) ) on the space ofC°° sections of A(W )®E is finite dimensional. The 
direct sum of these weight spaces is isomorphic to K~ {W)®E (resp. K + (W)® 
E) as representations of S 1 . 

2. When restricted to an eigenspace of ££u, the operator D + \J — lc(H) 
(resp. D — \/—lc(H) ) has discrete eigenvalues. 

3.2 A Taylor expansion of certain operators near the fixed- 
point set 

Following [3, Section 8(e)], we now describe a coordinate system on X near 
Xh- For e > 0, set S$ e = {Z G N\ \Z\ < e}. Since X and Xh are compact, 
there exists £o > such that for < e < Eq, the exponential map 

X, 



(y,Z)eN^exp*(Z)£X 
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is a diffeomorphism from S$ e onto a tubular neighborhood ^ of Xjj in X. 
From now on, we identify SS e with ~V e and use the notation x = (y, Z) instead 
of x = expy(Z). Finally, we identify y G Xh with (y,0) G iV. 

Let tt*((S(U,L) (g> W)|xjr) be the vector bundle on JV obtained by pulling 
back (S(E7, L) ® for 5r : iV -> X H . 

Let g TXn , 5^ be the corresponding metrics on TXh and ./V induced by . 
Let dfx, dvx H and du^r be the corresponding volume elements on (TX, g TX ), 
(TX H ,g TXH ) and (N,g N ). Let k(y,Z) {(y,Z) G 3S e ) be the smooth positive 
function defined by 

dv x (y,Z) = k(y, Z)dv XlI (y)dv Ny (Z) . (3.5) 

Then k(y) = 1 and §^(y) = for y G X//. The latter follows from the well- 
known fact that Xh is totally geodesic in X. 

For x = (y,Z) G % , we will identify S(U,L) X with S(U,L) y and W z 
with Wy by the parallel transport with respect to the ^-invariant connections 
\jS(U,L) an( | yW respectively, along the geodesic t i — » (y,tZ). The induced 
identification of (S(U,L) (g) PF) X with (S(U,L) <g) W) y preserves the metric and 
the ^-grading, and moreover, is S^-equivariant. Consequently, D x can be 
considered as an operator acting on the sections of the bundle tt*((S(U, L) ® 
W)|x H ) over Sl £o commuting with the circle action. 

For e > 0, let E(e) (resp. E) be the set of smooth sections of n*((S(U, L) ® 
W)\x H ) on £$ e (resp. on the total space of N). If /, g G E have compact 
supports, we will write 

</>s>=(^) f x (J N (f,g)(y,z)dv Nv (z^dv XH (y). (3.6) 

Then k l / 2 D x k- 1 / 2 is a (formally) self-adjoint operator on E. 

The connection \7 N on iV induces a splitting TN = N @T H N , where T H N 
is the horizontal part of TN with respect to \/ N . Moreover, since Xh is totally 
geodesic, this splitting, when restricted to Xh, is preserved by the connection 
V TX on TX\x H - Let V be the connection on (S(U,L) ® H^)|x ff induced by 
the restriction of \7 S ( U , L )® W to Xh- We denote by 7?*V the pulling back of the 
connection V on (S(U,L) <g> W)\x H to the bundle tt*((S(U, L) ® W)\x H )- 

We choose a local orthonormal basis of TX such that ei,--- , e%i form a 
basis of TXh, and e2i'+\,--- , e2z, that of N^. Denote the horizontal lift of 
ei (1 < * < 2/') to T H 7V by ef . We define 

2Z' 2« 

O fl = E*)( ? V) e f, ^= E c ( e »)(?V) ei . (3.7) 

i=l i=2Z'+l 

Clearly, D N acts along the fibers of N. Let d N be the 3-operator along the 
x* 

fibers of N, and let d be its formal adjoint with respect to (|3.6p . It is easy 
to see that D N = \/2(d + d *). Both D N and D H are formally self-adjoint 



with respect to (|3.6 
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For T > 0, we define a scaling / € E(e ) -> Sr/ G E(e Vr) by 

S T /(y, Z) = / (y, -jJ) , (y, Z) G ^ £QV ^ . (3.8) 
For a first order differential operator 

21' 21 

Q T = Y^4(y,z)(rv) e? + ]T ^( y ,z)(7r*v) ei +c T ( y ,z) (3.9) 

i=l i=2l' + l 



acting on 'E(eovT), where a % T , b l T , and ct are endomorphisms of ir*((S(U, L) ® 
W)\x H ) which depend smoothly on (y, Z), we write 

Q T = 0(\Z\ 2 d N + \Z\8 H + |Z| + \Z\ P ), (3.10) 

if there is a constant C > 0, p £ N such that for any T > 1, (y, Z) G ^ eo ^/f, 
we have 

|c4(y,Z)| < C|Z| (l<*<2i'), 

|6My,Z)| < C|Z| 2 (2Z' + 1 < * < 2J), (3.11) 
|c T (y,Z)| <C(|Z| + |Zn. 

Let Eg be the set of smooth sections of tt*((S(U, L) <g> W)!;^) over N\qx h - 
On the boundary of Xh , we choose the local orthonormal basis as in Definition 
Similarly as in (|2.6p . we define 

^ = -E«(|:)^)(-*V) ef , 2?" = -c (£) Z>%** (3.12) 



on Eg (compare with ([3 

Let Jh be the representation of Lie(S' 1 ) on N . Then Z — > JhZ is a Killing 
vector field on N. We have the following analogue of [3l Theorem 8.18], [20|, 
Proposition 1.2] and [26, Proposition 3.3]. 

Proposition 3.2 As T — > +oo, 

s T k 1 ' 2 D x k- 1 / 2 s T 1 = Vtd n + d h + -l=o(\z\ 2 d N + \z\d H + |z|), 



S T k l l 2 c(H)k- l l 2 S T l = -^c(J H Z) + ^=0(|Z| 3 ), 



S T k 1 l 2 B x k- 1 l 2 S^ = VTB N + B h + -^=0(\Z\ 2 d N + |Z|d H + |Z|). 

vT 



3.3 A decomposition of Dirac type operators under considera- 
tion and the associated deformation 

For p > 0, let W (resp. E p g , E p , F", F p d ) be the set of sections of the 
bundles S(U, L)®W over X (resp. (S(U, L) ® W)\ dx over dX, n*((S(U, L) ® 
W)\ Xh ) over N, S{TX H F M , L F ) ® K~{N) ® (§^ AK <g> PF) | Xjr over 
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(S(TX H V^,L F ) <g> K~(N) (g> §^ AK ® WOlax H over dX H ) which lie in 
the p-th Sobolev spaces. The group S 1 acts on all these spaces (cf. Section 
I2.2jl . For any £ G Z, let E|, E| a E|, F| and be the corresponding weight-^ 
subspaces, respectively. 

Recall that the constant Eq > is defined in last subsection. We now take 
e G (0, ^]. Let p : R — > [0, 1] be a smooth function such that 

. . 1 1 if a < o, . 

P«) = i n " 2 (3 - 13) 
10 if a > 1. 

For Z £ N, set p e (Z) = p(lfl). 

By Proposition 13.11 the solution space of the operator D N + V^lTc( J H Z) 
along the fiber N y (y G Xh) is the I? completion of K~ ' (N y )(&(® v ^oAV v (dW)y. 
They form an infinite dimensional Hermitian complex vector bundle K~ (N) <g) 
(<Si V9 lqAV v <8> over Xh, with the Hermitian connection induced from 

those on N, V\x H — > Xh and W\x H — > Xh- Let 9 be the isomorphism from 
L 2 (X H ,K-(N)® (® v ^ AV v ®W)\ Xh ) to L 2 {N,n*( (A7T ® ® V ^ Q AV V ®W)\ Xh )) 
given by Proposition 13.11 

Let a G T (X H , S(TX H (B V^, L F )) , (f> G L 2 (X H ,K-(N) ® (§^ AK 
W)|x H )> a = a® <{>. We define a linear map 

dim iVro 1 

I T , e : F| — > E|, a i— > T^^p e (Z) Fa A S^ 1 ^)- (3-14) 

In general, there exist c(e) > and C > such that c(e) < [|ir,^|| < C. 

Let the image of Ij>£ from F^ be E^ = ir^Ff f= E|. Denote the orthogonal 
complement of E!^ in E^ by E^, and let E^ = E^nE^j. Let pr,£ and 
be the orthogonal projections from E^ to E^ ^ and E^ respectively. 

We denote by ((<g) vyL0 AV v ) ® ( 0„ W v ^ w dimNv the subbundle of 

( ®„^o-A-K ) <8> ( 0„ ) whose weight equals to £ — | ^ |u| dim with re- 
spect to the given circle action. Let be the orthogonal bundle projection 
from the vector bundle 

to its subbundle 

(g)detJV w § ( ((2) AK) ®(ffiWi,)) . — >>Xff. 

K-X V^^WO y VV J- / V. k> dimiV,, 



«>0 



We now proceed to deduce a formula which computes Px,£ s for s G E° 
explicitly under a local unitary trivialization of N . 

For yo £ -Xjf) on a small neighborhood ^ C X# of j/o> choose a unitary 
trivialization N\f yQ = f yo x C n = {(y, Z) \ y G T yo , Z = (zi, ■ ■ ■ , z n ) G C n } such 
that for t G R, 
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Without loss of generality, we assume that Aj < for i < v and \ > for 



v <i <n. For any T > 0, fe = (jfei, • • • , Av») € N n , and (y, Z) G ^ x C n , set 

/T,t(^)=(n^)( n ^)e- T ^\^\\ 



i=i/+l 



(^n 



z .|2fc le -2T7r|A l ||^| 2 



(2-7r) dimAr K ' 



Computing directly, we have for s G E? that (compare with Proposition 9.2]) 



p T ^s(y,Z)= a T t p£ ^ Z ^T,t^ 

7/ dv N (Z') 



(3.15) 



96 



Using (13.15p . we get the following analogue of [31 Proposition 9.3]. 
Proposition 3.3 There exists C > suc/i i/iaf ifT>l, o~ G Fl, i/ien 

fe^Hsl <C(||a|| p i+Vr||a|| F o). (3.16) 



There exists C > suc/i i/iai /or any T > 1, any s£E|, i/ien 



l|PT,$s|| E i < C(||s|| E i + VT||s|| E o) 



(3.17) 



Given 7 > 0, there exists C > suc/i t/iai /or T > 1, /or s G E9, i/ien 



C" 

HPT,d Z | 7s llE0 < =tI|s|Ie°- 

* _/ 2 ' 



Since we have the identification of the bundles 

(S(tf,L)®W0k ~ 

5r* (^(TX^ U M , Lp) ® A(N*) (® V ^ AV V ® |x H 



(3.18) 



we can consider x I 2 It£<j as an element of for a G F|. Set 



(3.19) 



We denote by Jt,|,9 : F^ d — > E^ 9 the restriction of Jt,£ on the boundary. Let 
Ej,^ = Jt,^F^ (resp. E^^ = J^dF^) be the image of Jt£ (resp. Jt,$,b)- 
Denote the orthogonal complement of E^ (resp. E^ 9 ) in E^ (resp. E^ 9 ) by 
E^ (resp. Ey^ a ) and let E^ = E^ n E^ (resp. E^ 9 = n E^ a ). Let 
(resp. pT,£,d) andp^£ (resp. P^q) be the orthogonal projections from E° 
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(resp. E° q) to (resp. d ) and E^ (resp. E^ a ) respectively. It is 

clear that pT£ = k~ 1 / 2 pT^k 1 ^ 2 (resp. pT£,d = & _1//2 Pt,£,c9^ 1//2 )- 

For any (possibly unbounded) operator A (resp. B) on E^ (resp. E^ q), we 
write 

A = { A m A W) ( - S P- B = ^ (3) fl(4) J ) (3.20) 

according to the decomposition E° = g E^ (resp. E° a = E^ g a E^ a ), 
i.e., 

A« = Pr A Apr A , A^ = p^Ap^ , (3.21) 

AW=p^Ap T> z, A^=p T ^Ap T ^. 

(resp. =pT£,dBpT£,d , B^ = p T ^ d B p T ^ d , (3.22) 

B {3) = PT,z,dBpT,z,d , S {4) = Pk&aBpk&a • ) 

For T > 0, set 

D T = D X + V=lTc(H), B T = B X - ^/^lTc (J^\ c(H). (3.23) 

Then is a Dirac type operator with its canonical boundary operator Bt in 
the sense of Definition 12.41 Let Dt^ and -E>t,£ be the restrictions of Dj- and Bt 
on E° and Eg 9 , respectively. 

We now introduce a deformation of Dj>£ (resp. B^j) according to the 
decomposition (|3.2ip (resp. (|3.22p ). 

Definition 3.4 (cf. Definition 3.2], [201 (1-39)]) For any T > 0, u G [0, 1], 

set 

Dr 4 (u) = D« + 4 4 > + u (4 2 ^ + 4 3 ] ) , 

Br, c («) = S« + + n(4 2 J + 4 3 J ) . 

One verifies that Bt^(u) is the canonical boundary operator associated to 
Dt^(u) in the sense of ([2.5p . 



3.4 Various estimates of the operators as T — > +oo 

We continue the discussion in the previous subsection. Corresponding to the 
involution r on S(U,L), for r = t s (resp. r = r e ), let D Xh be the restriction 
of the twisted Spin c Dirac operator D Xh <g) i?+(l) (resp. ® -R-(l)) on F^, 

and let B^ H be the restriction of the canonical boundary operator associated 
to D Xh ® R + (l) (resp. 8) R-(l)) on F£ a . 

With (|3.15p . (|3.23p and Propositions l3.Hl3 21l3.3l at our hands, by proceeding 
exactly as in [3, Sections 8 and 9], we can show that the following estimates for 

4i C 1 < * < 4 ) hold. 
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Proposition 3.5 (Compare with [5, Proposition 3.3]) There exists e > such 
that 

(i) AsT — ► +oo, 

^l d B ( TpT,s,8 = Bf H + O , (3.25) 

where 0(-j=) denotes a first order differential operator whose coefficients 
are dominated by (C > 0). 

(ii) There exist C\ > 0, Ci > and Tq > such that for any T > Tq, any 

II^Lo^c'i^INIIe^ + PIIeoJ, 



I . ( 3 - 26 ) 

sS*'Lo < Ci( — =I|s'IIei „ + II*'IIes J) 



and 



|4!^ll E o ^ ^(PHe^ + VT|| S || E o e ). (3.27) 



From here, by proceeding as in [5j Section 3(c)], we can deduce that there 
exists T\ > such that for T >T\, each Bt^(u), for u E [0, 1], is self-adjoint, 
elliptic and has discrete eigenvalues with finite multiplicity. Let Pr t f(u) denote 
the Atiyah-Patodi-Singer projection associated to Bt^(u). 

For any T >T\ and u E [0, 1], let 

D A PS,T,d u ) : { s E E| | Px^(u)(s\qx) = 0} — > E^ 
be the uniquely determined extension of Dt^(u). 

Proposition 3.6 (Compare with [5, Proposition 3.5]) There exists T2 > such 
that for any u E [0, 1] and T > T2, Daj>ST^(u) is a Fredholm operator. 

To prove Proposition 13. 6( we modify the process in [5j Section 3(d)]. For 
the case where s is supported in X\% , e i (0 < e' < e), we need an analogue of [5j 
Lemma 3.7]. As a matter of fact, using (I3.15p . (I3.23P as well as Propositions 
13.11 13. 2\ 13.31 and proceeding exactly as in O Sections 8 and 9] , we deduce the 
following interior estimates. 

Proposition 3.7 There exists e > such that 

(i) AsT — ► +00, 

J-\ D™J Ti t = Df H + O (-j=) , (3.28) 

where 0{-^=) denotes a first order differential operator whose coefficients 
are dominated by -§= (C > 0). 
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(ii) There exist C[ > 0, C 2 > and Tq > such that for any T > Tq, any 
s G , s' G E^£ , i/zen 



isilBl 



Is" 



(3.29) 



I^s'Heo <CJ ( ^l + || s '|| E o 



and 



\D^4e° ^ C 2 (IMIeJ + ^ U s IIe° ) • (3-30) 



With Proposition 13 . 71 at our hands, we can complete the proof of Proposition 
I3.6l in the same way as in the proof of [5J Proposition 3.5] by applying the gluing 
argument in j3j pp. 115-117]. 

3.5 A proof of Theorem 12.71 

Let Dj H be the induced operator from B? H through ttx h • We first assume 

that Dg H is invertible, then B^ H is invertible. Moreover, we have the following 
analogue of [5j Proposition 3.8]. 

Proposition 3.8 // Dj H is invertible, then there exists T% > such that for 
any T > T3, u G [0,1], i/ie boundary operator Bj<^{u) is invertible. 

By Propositions 13.6 1 and 13.81 we have a continuous family of Fredholm oper- 
ators {Daps,t,z(u)}o<u<i when T is large enough. Furthermore, by Proposition 
13.81 and Green's formula, we know that the operators -Daps,t,£(' u )) < u < 1, 
are self-adjoint. By the homotopy invariance of the index of Fredholm opera- 
tors, we get 



Tr 



lker(D APSiT!5 (0)) 



Tr 



lker(D A PS,T,f (1)). 



(3.31) 



Theorem 3.9 (Compare with [20|. (1.43)]) If Dj H is invertible, then there ex- 
ists T4 > such that for any T > T4, the following identity holds, 



APS-ind(Z>r i5 ) = ^(-l)£o<« dim Nv APS-ind(D^' a ) . (3.32) 

a 

Proof By the definitions of -Daps.t,^'") and Dt^(u), we get that 

APS-ind^) = APS-ind( J D T , c (l)) = Tr [r| kcr(DAps . (3.33) 



Let -Pt,£,i (resp. Pr&i) be the Atiyah-Patodi-Singer projection associated 
(resp. B^) acting on Ej,^ (resp. Ey^g). Let 



d aps,t* ■ I s G E t, 5 I Pt,s,i(s\ 9 x) = 0} — > E° j5 , 

D APS,T£ : I s G E T,? I P T,f,4(s|ax) =0} >• E^ 
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be the uniquely determined extensions of and respectively. Using 



Proposition 13.51 and proceeding as in the proof of [5, Proposition 3.5], one sees 

lm 

0. 



that for T large enough, D^p S T ^ and -D^ps T ^ are both self-adjoint Fredholm 



operators. Furthermore, we deduce that for T large enough, ker(D 
Thus we get 



(4) 



Tr 



Tr 



lker(D APS:T:S (0)) 

On the other hand, for T large enough and u £ [0, 1], set 

( U ) = u Df H + (1 - u) Jf j J Ti€ , 
B*» (u) = u Bf H + (1 - it) J?\ d B§\ J T ^ g . 



(3.34) 



(3.35) 



From (|3.25j) . one can proceed as in [SJ (3.37)-(3.39)] to see that when T is large 
enough, B T ^ (u) is invertible for every u G [0, 1]. 

We denote by (u) the Atiyah-Patodi-S inger projection associated to 

B^(u). Using (I3.25p . (|3.28p and applying the same gluing argument j3j pp. 
115-117] as in the proof of [3 Proposition 3.5], one sees that when T is large 
enough and u G [0, 1] , 



^pW«) : { s e F l I <f (n)(s|ax) = 0} 



the uniquely determined extensions of D T J(u), form a continuous family of 
self-adjoint Fredholm operators. Thus by the homotopy invariance of the index 
of Fredholm operators, one gets 



Tr 



lkcr(D 



APS,T,£ 



(0)) 



Tr 



lkcr(D 



APS,T,5 



(1)) 



APS-ind(L>^). (3.36) 



From (JZJSD, dZHTJ), dSHD and (1X191) . one gets 



J-j o r o J T? = (_l)£o<, dimAf„ T) w h ere r = Ts or r e 
From ([3311 and (l3T33|) - (l33Tj) . one find s 

APS-ind(D TiC ) = ^(-l)Eo<. dim ^ APS-ind(L>f H ' Q ) 

a 

The proof of Theorem 13.91 is completed. 



(3.37) 



(3.38) 



In general, dim ker (.D^ ) need not be zero. For any £ G Z, choose > 



be such that 

Spec(L>^ H ) n [-2a € , 2a f ] C {0}. (3.39) 

To control the eigenvalues of -E>t,£ near zero, we use the method in (5j Section 
4(a)] to perturb the Dirac operators under consideration. 

Let e > be sufficiently small so that there exists an S^-invariant smooth 
function / : X — > R such that / = 1 on ^ e / 3 and / = outside of ^2e/3- 
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Let be the Dirac type operator defined by 

D t-H = D f H ~ a ^ c (£) ' ( 3 - 4 °) 

where for r = t s (resp. r e ), is considered as a differential operator acting 

onr(X H ,S(TX H (BV^,L F )®R + t) (resp. r(X H , 5(TX H V®, L F ) ® i?_ 
By Theorem 12.61 we get 

APS-ind(D^) - APS-ind(L>* = - sf{B*£' a - a € t | < t < l} . (3.41) 

By (|3.39p . the right hand side of (I3.4ip is equal to zero. 

For any Tel, let D T ^ a( : T(X,S(U,L) W) — »• r(X, L) W) be 
the Dirac type operator defined by 

DT,- H =D T - H fc(J^j . (3.42) 

Let Dx^-a^ be its restriction to the weight-^ subspace. 

Let be the canonical boundary operator of D^" a ^ in the sense of 

(|2.5p . Since D^ H —a^, which is the induced operator from B^" a ^ through ttx h , 
is invertible, by the proof of Theorem 13.91 we get when T is large enough, 

APS-ind(L> T ^_ a ,) = ^(-l)Eo<„dim7V„ APS-ind(D^) . (3.43) 

a 

By Theorem 12.61 we deduce that, for £ G Z, 

APS-indpT.e ,-o e ) = APS-ind(Z> Tjf ) mod fcZ. (3.44) 
From ([Sill]) , (l3T43]l and (EOIL we get 

APS-ind( J D T>5 ) = ^(-l)So<,dimiV, APS-ind(Df H ' a ) mod A;Z . (3.45) 

a 

On the other hand, by Theorem 12.61 one knows the mod k invariance of 
APS-ind(Z>r,§) with respect to T £ R, from which and ()3.32j) . ()3.45p . one gets 

APS-ind(£>,£) = ^(-1) E °<* dimNv APS-ind(Z>f H ' a ) mod kZ . (3.46) 

a 

By taking r = t s (resp. r e ), we get the first equation of (|2.22p (resp. (|2.23p ). 
To get the second equation of ([2.22p (resp. (|2.23p ). we only need to apply the 
first equation of (|2,22p (resp. (|2.23p ) to the case where the circle action on X 
defined by the inverse of the original circle action on X. 

The proof of Theorem 12.71 is completed. 
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4 Rigidity and vanishing theorems on Z/fc Spin c man- 
ifolds 



In this section, combining the 5 1 -equivariant index theorem we have estab- 
lished in Section [2] with the methods of |19| . we prove the rigidity and vanishing 
theorems for Z/k Spin c manifolds, which generalize [161 Theorems A and B]. 
As will be pointed out in Remark 14.31 when applied to Z/k spin manifolds, our 
results provide a resolution to a conjecture of Devote [6]. Both the statement 
of the main results and their proof are inspired by the corresponding results 
as well as their proof for closed manifolds in [19, 20J. As explained in Section 
2.1, when we regard the considered Z/k manifold as a quotient space which has 
the homotopy type of a CW complex, by using splitting principle pTJ Chapter 
17], we can apply the topological arguments in I20j in our Z/k context with 
little modification. Thus we will only indicate the main steps of the proof of 
our results. 

This section is organized as follows. In Section 14.11 we state our main 
results, the rigidity and vanishing theorems for Z/k Spin c manifolds. In Section 
14.21 we present two recursive formulas which will be used to prove our main 
results stated in Section 14.11 In Section 14.31 we prove the rigidity and vanishing 
theorems for Z/k Spin c manifolds. 



4.1 Rigidity and vanishing theorems 

Let X be a 2/-dimensional TLjk manifold, which admits a nontrivial Z/k 
circle action. We assume that TX has aZ/l S^-equivariant Spin c structure. 
Let V be an even dimensional TLjk real vector bundle over X. We assume that 
V has a "L/k S^-equivariant spin structure. Let W be a Z/k S^-equivariant 
complex vector bundle of rank r over X. Let K\y = det(W) be the determinant 
line bundle of W, which is obviously a Z/k complex line bundle. 

Let Kx be the Z/k complex line bundle over X induced by the Spin c struc- 
ture of TX. Let S(TX, Kx) be the complex spinor bundle of (TX,Kx) as in 
Section EH Let S(V) = S+(V) S~(V) be the spinor bundle of V. 

Let K(X) be the iT-group of Z/k complex vector bundles over X (cf. 
pp. 285]). We define the following elements in K(X)[[q 1 / 2 }} (cf. [19, (2.1)]) 

oo 

71=1 
OO 

r 2 (v) = (s+(v) - s~(vj) ® (g)A_ g «(y) , 

(4-1) 

71=1 
OO 

R4(V) = <g)A qn -i/2(V) . 

71=1 
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For N G N, let y = e 2ni/N G C be an Nth root of unity. Set 



Qy(W) =(g)A_„-i. <r n(W)®(g)A_ v . 9 n(W) G #(*)[[?]] . (4.2) 

n=0 n=l 

Then there exist Q e (W) G < £ < iV such that 

iV-1 

QvW = E (4-3) 

Let H* 1 (X,Z) = H*(X x s i ES 1 ,!?} denote the S^-equivariant cohomology 
group of X, where ES 1 is the universal S 1 -principal bundle over the classifying 
space BS 1 of S . So H% 1 (X,I I ) is a module over H* (BS 1 , Z) induced by the 
projection W : X x s i ES 1 — > BS 1 . Let pi^Jgi and u^COs 1 denote the first 
S 1 -equivariant pontrjagin class and the second S^-equivariant Stiefel- Whitney 
class, respectively. As V x s i ES 1 is spin over X x s i ES 1 , one knows that 
is well defined in H* S1 (X,Z) (cf. [H pp. 456-457]). Recall that 

H*(BS\Z) = Z[[u]\ (4.4) 

with u a generator of degree 2. 

In the following, we denote by D x R the twisted Spin c Dirac operator 
acting on S(TX,K X )®R (cf. Definition E2J). Furthermore, for m G \Z, h G Z 
and = E mG iz9 mfi ™ G iiT g i(X)[[g 1 /2]] ; we w m a i so denote APS-ind(D x ® 

i? m ,/i) (cf. HSU) by APS-ind(L» x «)i?(g),m,/i). 

Now we can state the main results of this paper as follows, which generalize 
|X6(, Theorems A and B] to the case of Z/fc Spin c manifolds. 

Theorem 4.1 Assume that u 2 (W) s i = u) 2 (TX) s i, \pi{V + W - TX) s i = 
e-lf*u 2 (e G Z) inH* sl (X,Z), and c x {W) = mod (N). For < £ < N , i = I, 
2, 3, 4, consider the S 1 -equivariant twisted Spin Dirac operators 

oo 

D x ® (tf w ® i^ 1 ) 1 / 2 (g) Sym 9 „ (TX) ® ® Q^TT) . (4.5) 

n=l 

(i) If e = 0, then these operators are rigid in "L/k category. 

(ii) If e < 0, then they have vanishing properties in Z/k category. 

Remark 4.2 (Compare with pU Remark 2.1]) As u 2 (W) s i = u 2 (TX) s i, 
ci(K\v ® ii'^ 1 )^! = mod (2). We note that in our case, X x s i ES 1 has 
the homotopy type of a CW complex [21]. By [9j Corollary 1.2], the circle ac- 
tion on X can be lifted to [Kw ® Kx 1 ) 1 ^ 2 an d ^ s compatible with the circle 
action on K\y ® K^ 1 . 

Remark 4.3 If X is aTLjk spin manifold, by taking V = TX , W = and 
i = 3 in Theorem \4-l\ we resolve a conjecture of [6] . 
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Actually, as in [19] , our proof of Theorem 14.11 works under the following 
slightly weaker hypothesis. Let us first explain some notations. 

For each n > 1, consider Z n C S , the cyclic subgroup of order n. We 
have the Z n -equivariant cohomology of X defined by H% (X, Z) = H*(X x% n 
ES 1 ,!*), and there is a natural "forgetful" map a(S 1 ,Z n ) : X x% n ES 1 — > 
X Xgi ES 1 which induces a pullback a(S l ,Z n )* : H* S1 (X,Z) -> H£ n (X,Z). 
We denote by a(S' 1 , 1) the arrow which forgets the S^-action. Thus ot(S , 1)* : 

(X, Z) — >• i7* (X, Z) is induced by the inclusion of X into X x s i ES 1 as a 
fiber over 

Finally, note that if Z n acts trivially on a space M, then there is a new 
arrow t* : H*(M,Z) ->• H^ n (M,Z) induced by the projection t : M x Zn ES 1 = 
M x BZ n -»• M. 

Let Zqq = S' • For each 1 < n < +oo, let i : X(n) ->Ibe the inclusion of 
the fixed point set of Z„ C 5 1 in X, and so i induces i s i : X{n) x s i ES 1 — > 
X x s i ES 1 . 

In the rest of this paper, we use the same assumption as in |19} (2.4)]. 
Suppose that there exists some integer e G Z such that for 1 < n < +oo, 

a(S\Z n )* o i* sl (l px (y + W- TX)gi - e ■ W*u 2 ) 
= t* o a {S\ 1)* o i* sl ( - P1 (V + W - TX) s ij . 

Remark that the relation (14. 6p clearly follows from the hypothesis of Theo- 
rem HJ] by pulling back and forgetting. Thus it is a weaker hypothesis. 

Let G y be the multiplicative group generated by y. Following Witten [25] . 
we consider the action of yo £ G y on W (resp. W) by multiplication by yo 
(resp. Vq 1 ) on W (resp. W). Set 

oo oo 

Q(W) = (g)A- q n(W)®(g)A„ qn (W)eK(X)[[q]} . (4.7) 

n=0 ?i=l 

Then the actions of G y on W and naturally induce the action of G y on 
Q{W). Clearly, y • Q(W) = Q y (W). By we know that for < i < N, 

yo ■ Q t {W) = y e Qe(W), where y G G„. (4.8) 

In what follows, for m G ±Z, < ^ < AT, h G Z and J2(g) G 2sT 5 i (X)[[g 1 / 2 ]], 
we will denote APS-ind(D x ® jR(qr) Q e (W),m, h) by APS-ind(L> x <g> R(q) ® 
Q(W),m,£,h). 

We can now state a slightly more general version of Theorem 14.11 

Theorem 4.4 Under the hypothesis (I4.6p . consider the S 1 x G y -equivariant 
twisted Spin Dirac operators 

oo 

D x ® {K w <g> K~ 1 ) 1 / 2 (g) Syn V (TX) ® R t {V) ® Q(W) . (4.9) 

n=l 
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(i) If e = 0, for m G iZ, ft G Z, ft / 0, < £ < N, one has 



2' 

oo 



" n=i ' (4.10) 

®Ri(V)®Q(W),m,e,h) = mod feZ . 



(ii) // e < 0, for m G ^Z, ft G Z, < £ < N , one has 

oo 

APS-ind(D x ® (8) ^ X Y /2 ® ® Sym gIl (TX) 

V n =i (4.11) 



®/Ji(V)®Q(W),m,^fc) =0 mod Yl 
In particular, one has 



OO 



APS-ind(z? x (AV ® -^x 1 ) 172 ® ® S y m g «( T ^) 

n=i ' (4.12) 

<g>i?i(F) ®Q(W0,m,/) = mod fcZ . 



The rest of this paper is devoted to a proof of Theorem 14.41 

4.2 Several intermediate results 

Recall that = {Xjj,a\ be the fixed point set of the circle action. As in 
[191 pp. 940], we may and we will assume that 



TX\ Xh =TX h ®Q)N v , 

v>0 _ (4.13) 

TX\ Xh %C = TX H ® R C © (N v © N v ) , 

D>0 

where N v is the complex vector bundles on which S 1 acts by sending g to g v . 
We also assume that 

V\x H = V^(B®V v , W\ Xh =Q)W v , (4.14) 

v>0 v 

where V v , W v are complex vector bundles on which S 1 acts by sending g to g v , 
and Vq K is a real vector bundle on which S l acts as identity. 

By (|4.13p . as in f|2. 16j) or (|2.17p . there is a natural Z/fc isomorphism between 
the Z2-graded C(TX)-Clifford modules over Xh, 



S(TX,K x )\ Xh ~ S[TX H ,K X ® v>0 (detN v )- l )®Q$ v>o AN v . (4.15) 
For aZ/fc complex vector bundle R over 

X H , let D Xh <g> i?, ® it! be 

the twisted Spin c Dirac operators on S(TXh, Kx ® v >o (detA^) -1 ) ® i? over 
Xh,oi, respectively (cf. Definition 12. 2p . 
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APS-ind [D x <g> ^ =1 Sym qn (TX) ® R\m, £, hj 

.l)E,> dim^ APS-ind (d Xh '« ®™ = i Sym qn {TX) ® R i ( 417 ) 

<g> Sym (® v >oN v ) <8>„>o det N v , m,£,h) mod fcZ . 



For i = 1, 2, 3, 4, we set 

if = ® A^ 1 ) 172 8) fli(V) 8) Q(W). (4.16) 

Then by Theorem 12. 71 we can express the global Atiyah-Patodi-Singer index 
via the Atiyah-Patodi-Singer indices on the fixed point set up to kZ. 

Proposition 4.5 (Compare with [19^ Proposition 2.1]) For m £ |Z, h € Z, 

1 < i < 4, < ^ < N, we have 



To simplify the notations, we use the same convention as in [191 pp. 945]. 

i 

For no € N*, we define a number operator P on i^5i(X)[[g n o]] in the following 

i 

way: if R(q) = ® n( zj_ z R n q n £ K s i(X)[[q n o]], then P acts on R(q) by multipli- 

"0 

cation by n on R n . From now on, we simply denote Sym g n(TX), A q n(V) and 
A q n(W) by Sym(TA n ), A(V n ) and A(W n ), respectively. In this way, P acts on 
TX n , V n and W n by multiplication by n, and the actions of P on Sym(TX n ), 
A(V n ) and A(W n ) are naturally induced by the corresponding actions of P on 

TX n , V n and W n . So the eigenspace of P = n is just given by the coefficient of q n 

i 

of the corresponding element R(q). For = (B n€ j_ z R n Q n £ Asi(A)[[(7 n o]], 

"0 

we will also denote APS-ind (D x ® i? m , /i) by APS-ind (£> x <g) R(q),m, h) . 

Recall that is the Killing vector field on X corresponding to T~L, the 
canonical basis of Lie(5 1 ). If E is a Z/fc 5 1 -equivariant vector bundle over AT, 
let J2?# denote the corresponding Lie derivative along H acting on T(Xjj , E\x H )- 
The weight of the circle action on T(Xjj,E\x H ) is given by the action 

Recall that the ^-grading on S(TX, K~x) &>$£Li Sym(TA n ) is induced by the 
Z 2 -grading on S(TX,K X ). Write 



J=°(X) = (g) Sym ? n(rX) ® Sym(e,> A l) ) ®„>o det iViu , 
n=l 

oo 

= 8) (g) A(K) , F v = (g) A(K) , (4.18) 



n=l 
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Q 1 W = (g)A(VF n )^(g)A(iy n ) . 

n=0 n=l 

There are two natural Z2-gradings on F v , F v (resp. Q 1 (W)). The first grading 
is induced by the Z2-grading of S(V) and the forms of homogeneous degrees in 



26 



<g)£° =1 A(K), ® nen+ iA(V n ) (resp. Q X (W)). We define r e \ F i± = ±1 (i = 1, 2) 
(resp. ti\qi( W }± = ±1) to be the involution denned by this ^-grading. The 
second grading is the one for which Fy (i = 1, 2) are purely even, i.e., Fy = Fy. 
We denote by t s = id the involution defined by this Z2-grading. Then the 
coefficient of <f (n E |Z) in flU]) of or i2 2 (V) (resp. i2 3 (V), Ra{V) or 

<5(W)) is exactly the Z2-graded Z/k vector subbundle of (F v ,t s ) or (F v ,T e ) 
(resp. (Fy,T e ), (F v ,t s ) or (Q 1 (VF), n)), on which P acts by multiplication by 
n. 

Furthermore, we denote by r e (resp. r s ) the Z2-grading on S(TX, Kx) ® 
<8>^ =1 Sym(TX n ) (8) (i = 1, 2) induced by the above Z2-gradings. We will 
denote by r e i (resp. r s i) the Z2-grading on S(TX, Kx) <8> <g>^LiSym(TX n ) ® 
F y ® Q^W) (i = 1, 2) defined by 

Tel = r e §ri , T B 1 = T s (§)Ti . (4.19) 

Let h v be the Hermitian metric on V v induced by the metric h on V. In 
the following, we identity AV V with AV V by using the Hermitian metric h Vv on 
V v . By (|4.14p . as in (|4.15p . there is a natural Z/k isomorphism between the 
Z 2 -graded C(F)-Clifford modules over Xh, 

S(V)\ Xh ^ S(V^, ®, >0 (det K)" 1 ) ® (g^/K ■ ( 42 °) 

Let Vo = V M ®k C. By using the above notations, we rewrite (|4.18p on the 
fixed point set Xh, 



= (g) Sym(TA^) (g) Sym(e 

n=l ?i=l 

® Sym(© t)>0 iV t ,) 0„ >o det N v , 

oo 

-Py =0A(%89 w (7 ¥ e7„, )1 )) 

n=l 

®5('y R ,«) t)> o(detK)- lN ) ® v >o AK,o . 



(4.21) 



*y= (g) A(y ,n©e„>o(K,n©^,n)) , 



oo oo 



Q'W = (g)A(e„w„ >n ) ® (g) A(e„w„, n ) . 

n=0 n=l 

We introduce the same shift operators as in |X9|, Section 3.2], which follow 
in spirit. For p € N, we set 



r* 
r* 



^■u,ti ^ ^i^n+pu > ^* • Vv,n ^ Vv,n—pv > (4.22) 

,n— pi; • 
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Furthermore, for p G N, we introduce the following elements in K s i (Xh)[[q]\ 
(cf. [19, (3.6)]), 

oo oo 

F P {X) = (g) Sym(TX H ) ® (g) ( ® Sym (N v , n ) ® Sym (37 B , n ) 

n=l ?;>0 n=l n>pv 

K( X ) = ® ® (Sym(N Vi - n )®det{N v j) , ( 423 ) 

u>0 0<n<jro 

j-p(X) = T p (X)<g> T' p (X) . 

Note that when p = 0, is exactly the ^(X) in (IQTTl . The Z 2 -grading 

on S(TXh, Kx ® v >o (detiVt,) -1 ) ® J 7 ~ P (X) is induced by the ^-grading on 
S(TX Hl K x ® v>Q {detN v )- 1 ). 
As in [El (2.9)], we write 

L(AT) = ^ >0 (det A^f , L(V) = ® v>0 (detV v ) v , 

i ( 4 - 24 ) 
L(VT) = <8)^o(det W„) v , L = L(iV)" 1 ® L(V) 8) L(W) . 

Using the similar TLjk S^-equivariant isomorphism of complex vector bun- 
dles as in |2CH (3.14)] and the similar 1,/k G y x S^-equivariant isomorphism of 
complex vector bundles as in [191 (3.15) and (3.16)], by direct calculation, we 
deduce the following proposition. 

Proposition 4.6 (cf. [TjJl Proposition 3.1]) For p G Z, p > 0, i = 1, 2, there 
are natural Z/k isomorphisms of vector bundles over Xh, 

u(T- p (X)) ~ T°(X) L(N)P , r*(i4) ~ i$ ® L(F) P . (4.25) 

For any p £ Z, p > 0, f/iere is a natural TLjk G y x S 1 -equivariant isomorphism 
of vector bundles over Xh, 

r*{Q l {W))~Q l {W)®L{W)- p . (4.26) 

On as in |191 (2.8)], we write 

e(N) = ^VdimA^ , d'(N) = ^vdimX, , 

e (^) = ^v 2 dimV v , d'(V) = } y v dim V v , (4.27) 

v>0 v>0 

e(W) =^2v 2 dimW v , d'{W) = v dim W v . 

V V 

Then e(N), e(V), e(W), d'(N), d'(V) and d'{W) are locally constant functions 
on Xh- 

Take Z M = S 1 in the hypothesis By using splitting principle 

Chapter 17], we get the same identities as in (T9j (2.11)], 

ci(L)=0, e(V) + e{W) - e(N) = 2e . (4.28) 

As indicated in Section 12.11 f|4.28j) means L is a trivial complex line bundle over 
each component Xn, a of Xh, and S 1 acts on L by sending g to g 2e , and G y 
acts on L by sending y to y d . 

The following proposition is deduced from Proposition 14.61 
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Proposition 4.7 (cf. [191 Proposition 3.2]) For p G Z, p > 0, i = 1, 2, the 

TLjk Gy-equivariant isomorphism of vector bundles over Xh induced by (|4,25p . 



(4.29) 



r, ■ S{TX H , K x ® V>Q (det KY 1 ) (K w ® Kx 1 ) 1 ' 2 
®F- p {X)®F^®Q 1 {W) 
— ► S(TX^, if x ® v>0 (det iV,)- 1 ) ® ® ^ X V /2 

verifies the following identities 

r* 1 ■ Jh ■ r* = J H , 
r^-P-r* = P + pJ H +p 2 e-^ 2 e(7V)-|d / (^) . ' '"^ 

For t/ie 7i2-gradings, we have 

r-Ver, = r e , r-V s r* = r s , r'V. = (-l^'^n . (4.31) 
Then we get the following recursive formula. 

Theorem 4.8 (Compare with [19} Theorem 2.4]) For each a, m G |Z, 1 < 
£ < N , h, p G Z, p > 0, f/ie following identity holds, 

APS-ind(z) XH ' a ® J^ P (X) ® iT, m + ^p 2 e(N) + |d'(iV),^ /i) (4.32) 
= (_i)P rf '(^) APS-ind^Z)^ ® T°(X) ® if ® L" p ,m + ph + p 2 e,£, h\ . 

Now we state another recursive formula whose proof will be presented in 
Section 5. 

Theorem 4.9 (Compare with [HJ Theorem 2.3]) For 1 < i < 4, m £ ~Z, 

1 < < iV, /i, p G Z, p > 0, we have the following identity, 



^(_l)£„> dimJV„ APS-ind^^ ® J" (X) ® fl*, m,£, hj 

a 

= ^(-l^'W+E^odim^ APS-ind(D XH >« ® F~ P (X) ® fl*, (4.33) 
m + ip 2 e(A^) + %d!(N),e,ti) mod kZ . 

4.3 A proof of Theorem 14.41 

Recall we assume in Theorem 14.11 that c\{W) = mod (N). Then by [10} 
Section 8] and [19j Lemma 2.1], d'{W) mod(iV) is constant on each connected 
component Xn, a of Xh- So we can extend L to a trivial complex line bundle 
over X, and we extend the S^-action on it by sending g on the canonical section 
1 of L to g 2e ■ 1, and G y acts on L by sending y to y d '^ w \ 
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As \pi{TX - W) s i G H* S1 (X,Z) is well defined, one has the same identity 
as in [19, (2.27)], 

d'{N) + d'{W) = mod (2). (4.34) 

Prom Proposition 1431 Theorems I4~8l [431 and (|4.34|) . for 1 < i < 4, m G |Z, 

1 < £ < JV, /t, p G Z, p > 0, we get the following identity (compare with [191 
(2.28)]), 

oo 

APS-ind(T> x ® (g) Syny (TX) ® i?\ m, £, fc) (4.35) 

n=l 

oo 

= APS-ind(T> x ® (g) Sym ? n (TX) ® R l ® L" p , m', h) mod fcZ , 
n=l 

with 

m = m + ph + p 2 e. (4.36) 

By (f4~Tj) . (|4~2]) . if m < or m' < 0, then either side of (|4.35p is identically 
zero, which completes the proof of Theorem 14.41 In fact, 

(i) Assume that e = 0. Let h G Z, mo £ |Z, /i ^ be fixed. If /i > 0, we 
take m! = mo, then for p large enough, we get m < in (|4,35p . If /i < 0, 
we take m = mo, then for p large enough, we get m! < in (14.35p . 

(ii) Assume that e < 0. For ft £ Z, mo G |Z, we take m = mo, then for p 
large enough, we get m! < in ()4.35p . 

The proof of Theorem 14.41 is completed. 

5 A proof of Theorem 14.91 

In this section, following [19, Section 4], we present a proof of Theorem 14.91 
This section is organized as follows. In Section 15-H we first introduce the 
same refined shift operators as in [19\ Section 4.2]. In Section \5. 21 we construct 
the twisted Spin c Dirac operator on X(ra,-), the fixed point set of the naturally 
induced Z nj .-action on X. In Section [5.31 by applying the S^-equivariant index 
theorem we have established in Section we prove Theorem 14.91 

5.1 The refined shift operators 

We first introduce a partition of [0, 1] as in [191 PP- 942-943]. Set J = {v £ 
N | there exists a such that N v ^ on Xjj,a} an d 

$ = (0, 1] | there exists v G J such that f3v G Z} . (5.1) 

We order the elements in $ so that = {/% | 1 < i < Jq, Jo G N and /3, < 
Then for any integer 1 < i < Jo, there exist pi, rii G N, < p% < n^, with 
(pi,ni) = 1 such that 

ft = pj/rij . (5.2) 
Clearly, /3j = 1. We also set po = and /3q = 0. 
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For < j < Jq, p £ N*, we write 



f° = |(u,n)6NxN we J, (p - l)v < n < pv, - =p + 1 + — ) , 



7* 

3 



(v, n) £ N x N v G J (p - l)w < n < pv, — > p + 1 + — } . 

v rij j 



Clearly, Iq = 0, the empty set. We define T p j(X) as in [191 (2-21)], which are 
analogous with (|4.23p . More specifically, we set 



oo / oo 



n=l 



ti>0 \ n=l 



n>(p-l)v+-±v 



i»0 



0<n<(p-l)v+[^:v\ 



Sym (jV„ _ n ) ® det JV„ 



Jp(X) 8) J-;_xpO ® (£) (Sym ® det AT t 

(«,n)eu^ =0 /f 



Sym (JV Wjn ) I 
(5.4) 

Sym(iY„ in ) , 



where we use the notation that for s£l, [s] denotes the greatest integer which 
is less than or equal to s. Then 



T P , (X) = T-v +l {X) , T p ,j (X) = T~ P (X) . 



(5.5) 



From the construction of we know that for v S J, there is no integer in 
( v, —v) . Furthermore, 

\7ij_i ' rij I ' 







\P3 1 


— — V 




— V 


ln 3-l ' 






\Pj-l 1 




\Pi 1 


— — V 




— V 


- n 3 -\ ' 




Vnj J 



- 1 if v = mod (rij) , 
if u ^ mod (rtj) . 



(5.6) 



We use the same shift operators rj*, 1 < j < Jo as in [191 (4-21)], which 
refine the shift operator r* defined in (|4.22p . For p£N*, set 

fj* ■ N ViTl — > N v ^ n _\_(p_iy _,_pj V / n j , rj^ : A' tJ)n — > N v ^ n _^ p _i^ v _ p _. v ^ n ^ , 

rj* : V v ,n ^ ^ti,n+(p— l)v+pjv/rij ! r j* • ^«J,ri ^ ^v,n— (p— l)v— pjv/rij ; (5-7) 



u,n+(p— l)r>+pjn/rij i 



W. 



v,n—(p—l)v—pjv/rij 



For 1 < j < J , we define J"(/3j), F^(/3j), F£(/3j) and Qw(Pj) as in [H 
(4.13)]. 



Sym (TX H 



Sym (N v>n A^, n ) 



°<™ eZ u>0,tEsO,^- mod(n 3 ) 0<neZ+f^v 



Pi 



Sym 



e 



0<v'<nj/2 



^v,n -^r;,n^ J , 



v=v',-v' mod(nj) <raeZ+^ 0<neZ-^i; 
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Vv,n Vv,r 



\ 



0<n£Z 



v>0,v=0,'-y mod{nj) 0<neZ+^-v 0<n£Z-^v 



Pi 



© © 

0<v'<rij/2 \ v' mod(nj) 



^v,fi J 



uj,* x u=u ,-u u.^; o<nez+^j; ooiez-^-o 



(D ^0,n ( (D ^> n (D 

1 ra< . p, 1 Pi 1 

0<n.eZ+i «>0,-u=0,-^-mod(n j )0<neZ+^-t)+i (KneZ-^rtM-^ 

\ 



63 ( ^ ( ^ 63 ^' n ) j 

Q W (&)=a( ( W v , n W^n)). 

^ V 0<neZ+ — „ 0<nEZ-^-v ' 



) 

(5.8) 



Using the definition of r_j* and computing directly, we get an analogue of 
Proposition 14.61 as follows. 

Proposition 5.1 (cf. [I9j Proposition 4.1]) There are natural Z/k isomor- 
phisms of vector bundles over Xh, 



rj*{T Ptj -i{X)) ~ F{pj) ® (x) Sym (N vfi ) 

v>0, v=0 mod(rij) 



(det N v )' 



v>0 

r^F M {X)) ~ .F (/3 .) 



f>0, i)=0 mod(nj) 

Sym(iV 1 , i o) 



d>0, t;=0 mod (nj) 



(det N v ) 



[£H+(p-i>h 



v>0 



r^(Flr) ~ S'f U R , ® v>0 (det K)" 1 ) FyiPj) 



(g) A(K, o )0(g)(detF,)^ ,,+ ^ +(p ~ 1)t 



(g) A(K,o)®®(detV 1) ) 

f>0, v=0 mod (rij) 



v>0 



v>0, v=— mod(nj) 



v>0 
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There is a natural Z/k G y x S 1 -equivariant isomorphism of vector bundles 
over Xhi 



v>0 



v>0, v=0 mod(nj) v<0 

5.2 The Spin c Dirac operators on X{rij) 

Recall that there is a nontrivial Z/k circle action on X which can be lifted 
to the Z/k circle actions on V and W. 

For n G N*, let Z n C S 1 denote the cyclic subgroup of order n. Let X(rij) 
be the fixed point set of the induced Z nj action on X. Let N(rij) —¥ X(rij) be 
the normal bundle to X(rij) in X. As in [4] pp. 151] (see also [19j Section 4.1], 
[20l Section 4.1] or [24] ) , we see that N(rij) and V can be decomposed, as Z/k 
real vector bundles over X(rij), into 



0<u<n,/2 

^ ( 5 - 9 ) 

0<v<rij/2 

where V(wj)o is the Z/k real vector bundle on which Z nj acts by identity, and 
-^( n j)n 72 ( res P- ^( n i)n 72) * s defined to be zero if nj is odd. Moreover, for 
< v < nj/2, N(jij) v (resp. V(jij) v ) admits unique Z/k complex structure 
such that N{nj) v (resp. V(rij) v ) becomes a Z/k complex vector bundle on 
which g £ Z Uj acts by g". We also denote by V(rij)o, V{nj) n] l2 an d ^( n j)n J /2 
the corresponding complexification of V(nj)^, V(n 3 -)^. / 2 and / 2 " 

Similarly, we also have the following Z nj -equivariant decomposition of T 7 ^, 
as Z/k complex vector bundles over X(nj), 

W = W^), , (5.10) 

0<i><rij 

where for < v < rij, g G Z nj . acts on W(nj)„ by sending g to g v . 

By [191 Lemma 4.1] (see also [U Lemmas 9.4 and 10.1] or [24, Lemma 5.1]), 
we know that the Z/k vector bundles TX(nj) and V(nj)o are orientable and 
even dimensional. Thus N(rij) is orientable over X(nj). By (|5.9p . V( n .?')ra./2 
and iV(rtj)JJ y 2 are a ^ so orientable and even dimensional. In what follows, we 
fix the orientations of N(nj)^^ 2 an d ^( n j)n 72- Then TX(nj) and V(nj)o 
are naturally oriented by (15. 9ft and the orientations of TX, V, ^( n j)^./2 an d 

By P~T3j) , (|4~T4l) . dSS]) and (JBTTOl) . upon restriction to Xjy, we get the fol- 
lowing identifications of Z/k complex vector bundles (cf. |19|, (4.9) and (4.12)]), 
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for < v < rij/2 



3li 

N(n j ) v = © N v , N v , , 

v'>0, v'=v mod(nw) v'>0, v'=— v mod(n,- ) 

_ (5.11) 

V(nj) v = v v > e , 

v'>0, v'=v mod(rij) v'>0, v'=—v mod(rij ) 

for < v < rij, 

W(nj) v = W v , . (5.12) 

v'>0, v'=v mod(?ij ) 

Also we get the following identifications of Z/ k real vector bundles over Xh (cf. 
IS (4.11)]), 

TX{n j )=TX H @ N v , N( nj )* /2 = N Vt 

v>0, v=0 mod (n 3 ) v>0 ^ v =!h. mod (nj) 

%)? = ^e © v(n 3 )l /2 = K . 

«>0,«sOmod(n i ) v>0,v=^- mod^) 

Moreover, we have the identifications of Z//c complex vector bundles over X# 
as follows, 

TX{ nj ) ® R C = TA^ %Ce F„) , 

«>0, D=0mod(n, ) 

^ _ (5.13) 

v( nj ) = y %iC® (v v e f„) . 

u>0, v=0 mod(nj ) 

As (pj,rij) = 1, we know that, for v G Z, pjv/rij G Z if and only if u/rij G Z. 
Also, pjv/rij G Z + | if and only if v/rij G Z + i. Remark if u = — i/ mod(nj), 
then {re I < n G Z + — 1>| = {n|0<reGZ — — t/}. Using the identifications 

^ ' 71/ j J **- ' 71/ j * 

(HH]), (pTT2]) and (pTT3]h we can rewrite J 7 ^), F^(/3j), F^(/3j) and Qvk(/3j) 
defined in {OJ as follows (cf. [M (4.7)]), 

•H%) = (g) Sym {TX( nj ) n ) ® (g) Sym ( N(rij) v ^ n 

0<neZ 0<v< nj /2 <n£Z+^v 

, n] (5.14) 

© N ( n i)v,n) © Sym(iV(n j )n J ./2,n) , 

0<rieZ-;^-i> 0<neZ+i 



F^)=A(0%)„,„ffi ( F(n,)„, n 

0<neZ 0<«<n,-/2 0<Il6Z+ £l„ 

N n ' N (5.15) 
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= a( V( nj ) n . /2>n ® ( V( nj ) v , n 

0<neZ 0<v< nj /2 0<neZ+ £l 1)+ l 

N v (5.16) 

V^kn) V( nj ) 0tn ] 



0<n6Z-^-D+i 0<neZ+i 



Qw(^) = A( ^K-KnS W(nj) )). (5.17) 



(KtXnj 0<neZ+ £z.„ <neZ-^-t. 



Thus T((3j), Fy(Pj), Fy((3j) and Qw{/3j) can be extended toZ/k vector bundles 
over X(rij). 

We now define the Spin c Dirac operators on X(nj) following |X9|, Section 
4.1]. 

Consider the hypothesis in (|4.6p . By splitting principle Chapter 17] and 
computing as in [U Lemmas 11.3 and 11.4], we get 

I v-cifrinj^ + Winj^-Win^n^v-Ninj) 

0<v< ^ (5.18) 
+r(nj) ■ y • ^(w{Nj) n . /2 + V{ nj ) n ./2 ~ N{nj) n . /2 ) )-u nj =0, 



where r(nj) = ^(1 + (— l) Hj ), and u n . G H 2 (BZ n .,Z) ~ Z n . is the generator of 
H*(BZ n .,Z) ~ Z[ti n .]/(rij • u n ,) . Then by (|5TTgj . we know that 



^ u • cW V(n :; -)„ + Ty(nj),, - W(nj) nj _ v - N{n j ) v 



I On 

0<v<-f 



+ r ( n j) • -j ' W2 ( W ( n i)n 3 /2 + V(nj) n ./ 2 - N(nj) n ./ 2 
is divided by nj. Therefore, we have 

Lemma 5.2 (cf. [HI Lemma 4.2]) Assume that (|4.6p holds. Let 
L(nj)= (g) (det^/V^) (8) det(V( nj ) v )) 

0<v<nj/2 

(r(jij)+l)v 



(5.19) 



(8> det(W(nj) v ) <g> det(VF(n i )„ j _ 

6e i/ie complex line bundle over X(iij). Then we have 

(i) L(nj) has an n* h root over X(nj). 

(ii) Let Ui = TX{ nj ) V( nj )^, U 2 = TX{nj) V(n,-)* /2 . Let 

L l= K x ® (g) (det(iV(n i )„) ® det(F(n 3 -)«)) 

0<i)<nj/2 

®det(w(n i )n i / 2 ) ^i^r^)^ > 
i 2 = ^x® (g) (det(jV(fy)„)) 8) det(w(n i ) n . /2 ) 8) L(7y) r(n ' )Ay . 

0<v<nj/2 
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Then U\ (resp. U 2 ) has aTLjk Spirf structure defined by L\ (resp. L2). 

Remark that in order to define an S 1 (resp. G y ) action on L(n j ) r( "-' )/ ^, we 
must replace the S 1 (resp. G y ) action by its n^-fold action. Here by abusing 
notation, we still say an S 1 (resp. G y ) action without causing any confusion. 

In what follows, by D x ( n ^ we mean the S^-equivariant Spin c Dirac operator 
on S(C/i,Li) or S(U 2 ,L 2 ) over X{ nj ) (cf. Definitional. 

Corresponding to (|2.13p , by (|5.11[) , we denote by 

S(E/i,Li)' = s(TI f ,©l^,L 1 (g) (detiV^detK) -1 ) 

v>0, v=0 mod (rij) 

® (g) AV V , (5.20) 

v>0, DEOmod (nj) 

S(U 2 ,L 2 )' = s(tX h ,L 2 ® (g) (detiV^)- 1 

v>0,v=0 mod(nj) 

® (g) (detK)" 1 )^ (g) AK • (5.21) 

rij ' rij 

v>0, u=~2~ m °d (rij) v>0, v= — mod (rij ) 

Then by (|2,16p and (|2.17p . for i = 1,2, we have the following isomorphisms of 
Clifford modules over Xh, 

SiUuLj-SiUuLi)' <g> (g) AJV„. (5.22) 

f>0, w=0 mod (rij ) 

We define the Z2-gradings on S(Ui,Li)' (i = 1,2) induced by the Z2-gradings 
on S(Ui,Lj) (i = 1,2) and on ® v >o,«=omod(n J -)^"^' t ' sucn that ^ ne isomorphisms 
(I5.22p preserve the Z2-gradings. 

As in |19l pp. 952], we introduce formally the following Z/fc complex line 
bundles over Xh, 



L[ = (l^ 1 <8> (g) (det AT,, <g> det F„) (g) (det jV„ ® det K)" 1 8) if x 




»;>0, i>=0 mod (nj ;) v>0 

L' 2 =(Lz X ® (g) detAT„ (g) detK(g)(detAT t ,)- 1 0^x)'. 

v>0,v=0mod(rij) i»0,UHH^-mod(nj) ,)>0 

In fact, from (|2.16|) . (|2.17|) . Lemma 15.21 and the assumption that V is spin, one 
verifies easily that ci(Lf) = mod (2) for i = 1,2, which implies that and 
L' 2 are well defined Z/fc complex line bundles over Xh (cf. Section f 2 . 1 j) . 

Then by ()5.20|) . ()5.2ip and the definitions of L\, L 2 , L' x and L' 2 , we get the 
following identifications of Z/fc Clifford modules over Xh (cf. [191 (4.19)]), 

S{Ux,L x )' ® L[ = S(TX H ,K X ® v>0 (detNv)- 1 ) ® S(V^, ® v> o(det K) _1 ) 

® (g) A(K) , (5.23) 

d>0, ij=0 mod (rtj ) 

S(U 2 , L 2 )' ® L' 2 = 5(TX H , JCx ®„>o (det A^) -1 ) ® (g) A(K) • 

t>>0, t;= mod (rij ) 

(5.24) 
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Lemma 5.3 (cf. [19, Lemma 4.3]) Let us write 

[-g«]-(p-D* 



3 ' _ 

i>>0 i»0 



(det7V„)- 1 0(g)(detW i; ) 

«>0,«EOmod(nj) u<0 



)(detW„)L-i u J^^0 (g) (detW,)- 1 , 

f>0 u>0, isOmod(raj) 

mh = L' 2 ® (g)(det tf w ) ^ ® (g)(det 7,) [ - ^ ] 



v>0 v>0 

® (g) (det7V„)™ 1 0(g)(det^)["S"^" (p " 1),; 

u>0,«=Omod(nj) f<0 

(g)(detW„)^^ +(P " 1),J+1 8) (detWv)- 1 . 

V>0 v>0,v=Omod(rij) 

Then L(j3j)i and L({3j)2 can be extended naturally to TLjk G y x S 1 -equivariant 
complex line bundles over X (rij) which we will still denote by L((3j)\ and L(/3j)2 
respectively. 

Now we compare the Z 2 -gradings in ()5.23p . Set 



(5.25) 



A( nj ,N)= E dimN v +o^N( nj )% 

%<v'< ni 0<v ' v = v ' mod M 1 



A(n„V)= Yl E dimV v +o(v( nj )%) , 

^-<v'< nj 0<v,v=v> mod (rij) 2 

with o(N(rij) ^ ) (resp. o(V(nj)nj) equals or 1, depending on whether the 

given orientation on A/~(rtj)|L (resp. V(nj)n_,-) agrees or disagrees with the 

T ~2~ 

complex orientation of © n, s i\L (resp. © n,- TJ. 

«>0, osy mod (rij) u>0, us -j- mod [rij ■) 

By [TUJ pp. 953], we know that for the Z 2 -gradings induced by t s , the 
differences of the Z 2 -gradings of ()5.23|) and (|5.24p are both (— l) A ( n i' Ar ); for the 
Z 2 -gradings induced by r e , the difference of the Z 2 -gradings of (|5.23p (resp. 

CT ) is (-l) A K^)+ A K^) (resp. (_i) A(n - 7V)+ °( V ^^/ 2 ) ). 

To simplify the notations, we introduce the same functions as in \19\ (4.30)], 
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which are locally constant on Xh, 

< w ) = -\ E( dim w ^ ■ (( [£H + (p - ^ ( + (? - 1)« + 1 

-(^ + (p-1)«)(2([^i;]+(p-1)«)+1)) 

- ^ E( dim ^) • (([-£H - (p - - (p - ^ + 

t><0 

+ (^ + (P-l)«)(2([-^«] -(p -!)«)+!)) , 



(5.28) 



£ i = ^E( dimi ^- dimF «)(([^] +(P-1)«)([^«] + (P-1)« + 1) 

-(^ + (p-l)t;)(2([^T;] + (p-l)v)+l)) , (5.27) 

^ = 5 E( dimiY -) • (([^H + (p - x H a^ v ] + (p- ^ v + i ) 

v>0 

-C^« + (P-1)«)(2([§«] +(p-l)u) +1) 
-i^(dimK)-(([^ + i]+(p-lH 2 

"2(g« + (p-l)«)([£ + i]+(p-l)i 
As in [19, (2.23)], for < j < J , we set 

e(p, f3j,N) = l - £(dimJV„) • ( [g v ] + ( p _ !)„) ([£L„] +(p _ !)„ + l) , 

JfafaN) = E(dimi\g • ([^u] + (p- l)v) . (5.29) 

?;>o 

Then e(p, (3j , N) and d'(p,f3j,N) are locally constant functions on X//. In 
particular, we have 

e(p,f3 ,N) = ^p-lfe(N) + ^(p-l)d'(N) , 

e(p,Pj ot N) = \p 2 e{N) + Ipd'(iV) , ( 5 - 30 ) 
d'(p,(3 Jo ,N) = d'(p + l,(3 ,N)=pd'(N) . 

By Proposition 15. 11 (|5.23|) and Lemma [5T3l we deduce an analogue of Propo- 
sition H~71 

Proposition 5.4 (cf. [THJ Proposition 4.2]) Fori = 1,2, theZ/k G y -equivariant 
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isomorphisms of complex vector bundles over Xh, 

r a : S(TX H , K x ® v>0 (det N v )~ x ) ® (K w ® ^ ! ) 1/2 
® J- p j_i(X)®Ff (gQ 1 ^) 
—> S(Ui, Li) ® (% ® K^) 1/2 8) 8) 

®Qw(/3j)®£(/%)i® ® Sym^o) , 

v>0, v=0 mod (rij ) 

r i2 : S(TX H ,K X ® v>0 (detA^)" 1 ) ® ® K^ 1 ) 1 / 2 
® F P ,j{X) ®F^® Q 1 (W) 
— ► ^(«7<, Li) ® ® K^ 1 ) 1 / 2 ® ® 

® Qw(flj) 8> 8> ® (Sym (N vfi ) ® det iV„) 

u>0, t>=0 mod (% ) 

have the following properties: 
(i) fori = 1,2, j = 1,2, 

r^ 1 • J H • r i7 = J H , 
r -l • P . ri7 = P + f El + (p - 1)) J H + £i7 , (5 - 31) 



wftere e H = + e(W) - e(p, /3j-i,N), e i2 = Ei + e(W) - e{p,j3j,N). 
(ii) Recall that o[V{nj)\A is defined in (|5.25|) . Let 



^1 = "E^^H dimK + A(n„iV) + A(n„l/) mod (2), 

02 =-X)[^ + s] dimK + A(n„iV) + (F(n j )l 1 ) mod (2), 
u>0 2 

^ 3 = A(n i ,iV) mod (2), 

^4 = + (p - l)v) d.mxW v + dim W + dim W(n 5 -)o mod (2). 

Then for i = 1, 2, 7 = 1, 2, we have 



(-l) w r e , rrV s r i7 = (-1)^ 



(5.32) 

^nr !7 = (-irn . 
5.3 A proof of Theorem 14.91 

Let X' be a connected component of X{rij). By [191 Lemmas 4.4, 4.5, 4.6], 
we know that for i = 1,2, k = 1,2,3, the following functions are independent 
on the connected components of Xh in X' , 

Ei + e(W) mod (2) , d'(p, /3j,N) + \x k + ^4 mod (2) , 

^ [^t;] dim K + A( nj , V) mod (2) , 

v>0 

^[| w +l]dimK + (V(n j )| i ) mod (2), 
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which implies that d' (p, (3j-i, N) + ^2 0<v dim N v + fik + ^4, mod (2) [k = 1,2,3) 
are constant functions on each connected components of X(rij). 

By ([SUP) , dSH5D, (|^TU|1 . (f^T7|) and Lemma E3 we know that the Dirac 
operator D x ^ ® <g> F{?{f3j) <g> Qw{Pj) ® (i = 1, 2) is well defined 

on X(n,j). Observe that the two equalities in Theorem 12,71 are both compatible 
with the G y action. Thus, by using Proposition 15.41 and applying both the 
first and the second equalities of Theorem 12.71 to each connected component of 
X(rij) separately, we deduce that for i = 1, 2, 1 < j < Jo, m G ^Z, 1 < £ < N, 
h € Z, r = T e i or t s1 , 

^(_l)d'(p./Vi^)+£„ >0 dimAr„ A PS-ind T (z) x ^ CS> (K w ® Kx 1 ) 1 ' 2 

®F p j-i(X) <g> F' Y ® Q\W),m + e{p, p^,N),l, h\ 
= J2(-l/ (p, ^- 1,N)+j:v>odimNv+ ^ APS-ind r (L> x ^) <g> (ETvk ^i^x 1 ) 172 

® J-^) (8) i^O?,-) <8> <2w(/3j) 8) LCSjOi, m + e< 
+e(W0 + (^ + (p-l))M,fc) 
= ^(.^rf'feft .^+E^odim^ APS-ind^D^ g, g, 

®J r p !j (X)®F^®Q 1 (W),m + e(p,p j ,N),£,h\ mod kZ , (5.33) 

where means the sum over all the connected components of X(rij). In 
(|5.33p . if r = r s i, then fi = ^3 + if r = r e i, then /i = + Combining 
d53DD with (1Q3]) . we get (14331 . 

The proof of Theorem 14.91 is completed. 
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